We present and compare three distinct atomistic models -based on first principles and semiempirical approaches -of the structural and electronic properties of Ge1−xSnx alloys. Density functional theory calculations incorporating Heyd-Scuseria-Ernzerhof (HSE) and modified BeckeJohnson (mBJ) exchange-correlation functionals are used to perform structural relaxation and electronic structure calculations for a series of Ge1−xSnx alloy supercells. Based on HSE calculations, a semi-empirical valence force field (VFF) potential and sp 3 s * tight-binding (TB) Hamiltonian are parametrised. Comparing the HSE, mBJ and TB models, and using the HSE results as a benchmark, we demonstrate that: (i) mBJ calculations provide an accurate first principles description of the electronic structure at reduced computational cost, (ii) the VFF potential is sufficiently accurate to circumvent the requirement to perform first principles structural relaxation, and (iii) TB calculations provide a good quantitative description of the alloy electronic structure in the vicinity of the band edges. Our results also emphasise the importance of Sn-induced band mixing in determining the nature of the conduction band structure of Ge1−xSnx alloys. The theoretical models and benchmark calculations we present inform and enable predictive, computationally efficient and scalable atomistic calculations for disordered alloys and nanostructures. This provides a suitable platform to underpin further theoretical investigations of the properties of this emerging semiconductor alloy.
I. INTRODUCTION
The group-IV semiconductors silicon (Si) and germanium (Ge) underpin modern electronics but are unsuitable for applications in active photonic devices due to their indirect band gaps, which make them intrinsically inefficient emitters and absorbers of light. As Moore's Law approaches its end there is a strong impetus to develop novel hybrid optoelectronic architectures, to deliver continued enhancement in processing speeds and capacity.
1,2 Significant research effort has been devoted over the past two decades to Si photonics: the development of photonic devices which are compatible with established complementary metal-oxide semiconductor (CMOS) processing infrastructure, to enable monolithic integration with microelectronics and deliver step-changes in device performance and capabilities. 3 While much progress has been made in the development of passive photonic components, the development of Si photonics is limited by the unavailability of CMOScompatible direct-gap materials suitable for applications in semiconductor lasers and light-emitting diodes.
1,4
Recently, there has been growing interest in alloy group-IV materials to achieve CMOS-compatible directgap semiconductors. Due to the fact that its (fundamental) indirect Γ 8v -L 6c band gap is only ≈ 145 meV smaller than its direct band gap, engineering the conduction band (CB) structure of Ge has attracted significant attention. [4] [5] [6] The most prominent current approach is alloying of Ge with tin (Sn). [7] [8] [9] Originally proposed over two decades ago, Ge 1−x Sn x alloys have recently seen a surge of interest due to initial demonstrations of optically 10 and electrically 11 pumped lasing. In addition to applications in CMOS-compatible light-emitting devices, research interest in (Si)Ge 1−x Sn x alloys has also been driven by potential applications in tunneling fieldeffect transistors [12] [13] [14] and multi-junction solar cells.
15-17
Comparison by Moontragoon et al. 18 between empirical pseudopotential calculations for Ge 1−x Sn x carried out using the virtual crystal approximation (VCA), and a direct atomistic (alloy supercell) approach, highlighted significant differences in key properties including band gap bowing. This suggested the potential importance of band mixing and alloy disorder effects in Ge 1−x Sn x alloys. More recent analyses have provided further evidence of the strong role played by band mixing effects in the determining the nature of the Ge 1−x Sn x electronic structure. Eckhardt et al. 19 noted the emergence in density functional theory (DFT) supercell calculations of a strongly hybridised alloy CB edge state, consisting of an admixture of the Γ 7c and L 6c CB edge states of Ge. The unfolded supercell band structures presented by Polak et al. 20 also displayed clear indications of band mixing. More recently, hydrostatic pressure measurements -supported by DFT calculations -also indicated the presence of strong Sn-induced Γ 7c -L 6c mixing, 21, 22 suggesting (i) that the band gap pressure coefficient dEg dP in Ge 1−x Sn x is intermediate between that of the indirect Γ 8v -L 6c and direct band gaps of Ge up to x = 10%, and (ii) that dEg dP evolves continuously with increasing x, from that of the indirect Ge Γ 8v -L 6c band gap at x = 0 towards that of the direct Ge band gap at x = 10%.
While not yet conclusive -for example, the pressuredependent measurements of Dybala et al. 23 suggested little Sn composition dependence of dEg dP -there is a growing body of evidence to suggest that Sn-induced hybridisaarXiv:1908.02833v1 [cond-mat.mtrl-sci] 7 Aug 2019 tion of states lying close in energy to the Ge CB edge is likely to be of significant importance in determining the nature of the electronic structure evolution in Ge 1−x Sn x . For example, the presence of band mixing indicates that a direct band gap evolves continuously with increasing Sn composition, 21, 22, [24] [25] [26] in stark contrast to the general assumption in the literature of an abrupt transition to a direct band gap at some critical Sn composition x. The presence of such band mixing effects will have significant implications for technologically relevant material properties, but such effects have to date received little attention in the literature. Indeed, despite early demonstrations 27, 28 of the breakdown of the VCA, there has been a proliferation of VCA-based approaches to interpret the electronic and optical properties of Ge 1−x Sn x .
Given the strong interest in (Si)Ge 1−x Sn x for practical applications, a suitable theoretical platform is required not only to facilitate quantification of the importance of alloying effects in Ge 1−x Sn x alloys, but also to underpin direct atomistic calculations of the properties of realistically-sized Ge 1−x Sn x -based nanostructures. Such analysis will not only quantify the evolution of the alloy electronic structure, but will inform quantitative calculations of technologically relevant material properties and, ultimately, the development of predictive theoretical models which can be utilised in the design and optimisation of photonic, electronic and photovoltaic devices based on Ge 1−x Sn x and related alloys.
Our aim in this paper is to establish and benchmark such a platform.
We present and compare three distinct first principles and semi-empirical atomistic models to compute the structural and electronic properties of Ge 1−x Sn x alloys. The first, DFT-based model uses a highly accurate but computationally expensive hybrid functional scheme, employing the HeydScuseria-Ernzerhof (HSE) exchange-correlation (XC) functional 29, 30 modified for solids (HSEsol). 31 The second, DFT-based model uses the local density approximation (LDA) for structural relaxation, with electronic structure calculations then performed using the modified Becke-Johnson (mBJ) XC functional. 32 This second model is similar to that employed in recent investigations of Ge 1−x Sn x alloys. 19, 20 The third, semi-empirical model combines structural relaxation based on a valence force field (VFF) potential with electronic structure calculations based on a nearest-neighbour sp 3 s * tightbinding (TB) Hamiltonian with both the VFF potential and TB Hamiltonian parametrised directly using HSEsol-calculated structural properties, band structures and band edge deformation potentials.
Using the HSEsol calculations as a benchmark we quantify the accuracy of structural relaxations and electronic structure calculations carried out for a series of Ge 1−x Sn x alloy supercells using the LDA + mBJ and VFF + TB models. We find that the LDA + mBJ model offers first principles calculations of the alloy properties which are in good quantitative agreement with, and come at significantly reduced computational cost compared to HSEsol calculations. We also demonstrate that the semiempirical VFF + TB model offers an accurate and computationally inexpensive approach to calculate the structural and electronic properties, describing well the alloy electronic structure close in energy to the CB and valence band (VB) edges -i.e. in the regions of the band structure of interest to calculate technologically relevant material properties such as optical transition strengths, carrier mobilities and band-to-band tunneling rates.
We find that the VFF structural relaxations are in excellent quantitative agreement with full HSEsol calculations, suggesting that VFF relaxation can circumvent the requirement to carry out first principles structural relaxations -i.e. the relaxed positions obtained from a VFF structural relaxation can be reliably used as input to first principles electronic structure calculations, offering significant reductions in computational cost. For equivalent system sizes we typically find that the computational cost associated with mBJ calculations is reduced by approximately an order of magnitude compared to equivalent HSEsol calculations, while semi-empirical VFF + TB calculations on the same supercells come at negligible computational cost. While mBJ calculations allow access to larger system sizes in first principles calculations due to their reduced computational cost, they are nonetheless limited to systems containing 10 3 atoms. Conversely, the semi-empirical VFF + TB model we establish is highly scalable, and can readily be applied to systems containing ∼ 10 6 atoms. This provides significant scope for future investigations, to underpin atomistic calculations of the properties of disordered Ge 1−x Sn x alloys and realistically-sized nanostructures.
The remainder of this paper is organised as follows. In Sec. II we describe the theoretical approaches we have established to calculate the structural and electronic properties of Ge 1−x Sn x alloys. Sec. II A describes the HSEsol and mBJ DFT calculations, while the semi-empirical VFF potential and TB Hamiltonian are described in Sec. II B. The results of our calculations are presented in Sec. III, beginning in Sec. III A with the relaxation of atomic positions in Ge 1−x Sn x alloy supercells, before describing their electronic structure in Sec. III B. Finally, in Sec. IV we summarise and conclude.
II. THEORETICAL MODELS
In this section we describe the theoretical models we have established to analyse Ge 1−x Sn x alloys. We begin in Sec. II A by describing the implementation of the HSEsol and mBJ DFT calculations. The HSEsol calculations are as described in Ref. 22 : we recapitulate their details for completeness. In Sec. II B we describe a semi-empirical model which respectively employs a VFF potential and TB Hamiltonian to perform structural relaxations and electronic structure calculations. In Sec. II C we describe the choice of supercells used to perform our benchmark calculations. 19 Due to the large relativistic effects associated with Sn, and to a lesser extent with Ge, all calculations explicitly include spin-orbit coupling. All DFT calculations were performed using the projector augmented-wave method, 33, 34 as implemented in the Vienna Ab-initio Simulation Package (VASP).
35,36
For primitive unit cells we utilise a Γ-centred 6 × 6 × 6 Monkhorst-Pack k-point grid for Brillouin zone integration, which is downsampled appropriately for larger supercells in order to preserve the resolution of the Brillouin zone sampling. Structural relaxation is achieved via free energy minimisation, by allowing the lattice vectors and internal degrees of freedom to relax freely, subject to the additional criterion that the maximum force on any atom in the supercell does not exceed 0.01 eVÅ −1 . For the hybrid functional calculations we employ the HSE XC functional 29, 30 modified for solids (HSEsol).
31
A screening parameter µ = 0.2Å −1 is used for all calculations. We use a high plane wave cut-off energy of 400 eV, to minimise Pulay stress and allow for accurate supercell relaxation. Since Sn incorporation is known to strongly impact states lying close in energy to the Ge CB edge, our priority in establishing the HSEsol calculations was to accurately describe the separation in energy between the Γ 7c and L 6c CB edge states of Ge. We therefore treat the exact exchange mixing α as an adjustable parameter, which is chosen so that the calculated band structure reproduces closely the experimentally measured Γ 7c -L 6c splitting. It was found that α = 0.3 -i.e. 30% exact exchange mixing -reproduces this splitting accurately. Since we are interested in experimentally relevant Sn compositions x 20%, this value is therefore adopted for all HSEsol calculations on Ge 1−x Sn x alloy supercells.
For the mBJ calculations the same plane wave cutoff energy and k-point grids were employed as for the HSEsol calculations, to allow the two approaches to be compared on an equal basis. In the mBJ calculations we again prioritise the description of the lowest CB in Ge: the parameter c in the mBJ XC functional 32 is treated as adjustable, and chosen to reproduce the experimentally measured Γ 7c -L 6c splitting. It was found that this is achieved for c = 1.2, which is therefore adopted for all mBJ calculations on Ge 1−x Sn x alloy supercells.
The lattice constants, band gaps and VB spinorbit splitting energies calculated using the HSEsol and LDA/mBJ XC functionals -for the constituent elemental materials Ge and α-Sn, as well as the fictitious zinc blende IV-IV compound GeSn (zb-GeSn) -are summarised in Table I , where they are compared to low temperature experimental measurements and previous theoretical calculations. For Ge the HSEsol-calculated direct Γ 7c -Γ 8v and indirect L 6c -Γ 8v band gaps are overestimated by ≈ 20 meV compared to experiment, but the corresponding Γ 7c -L 6c splitting of 143 meV is in excellent agreement with experiment. The corresponding mBJcalculated direct and indirect band gaps for Ge are underestimated by ≈ 20 meV compared to experiment, but the corresponding Γ 7c -L 6c splitting of 144 meV is again in excellent agreement with experiment. The HSEsol (mBJ) calculated VB spin-orbit splitting overestimates (underestimates) the measured value by 26 meV (22 meV). For α-Sn the magnitude of the HSEsol (mBJ) calculated direct band gap underestimates the measured value by 31 meV (12 meV), while the VB spin-orbit splitting is underestimated by 50 meV (149 meV). Our calculated lattice constant, direct band gap and VB spin-orbit splitting energy are in good agreement with previous theoretical calculations. 38 The HSEsol-and mBJ-calculated band structures of Ge, α-Sn and zb-GeSn are shown, using solid black and dotted red lines respectively, in Figs. 1(a), 1(b) and 1(c). We note that, compared to the HSEsol XC functional, the mBJ XC functional tends to (i) overestimate the zone-centre effective mass of the lowest energy CB, (ii) underestimate the magnitude of the VB spin-orbit splitting energy, and (iii) underestimate the energies of higher lying zone centre CB states.
B. Semi-empirical: valence force field potential and sp 3 s * tight-binding Hamiltonian
Our semi-empirical description of the structural and elastic properties of Ge 1−x Sn x alloys is based on a nearest-neighbour VFF potential. The VFF potential we employ is that originally introduced by Musgrave and Pople, 44 and later modified by Martin. 45 We consider this potential in its non-polar form, whereby the contribution to the lattice free energy associated with an atom located at site i is given by
where the indices j and k describe the nearest-neighbour atoms of atom i. The unstrained (equilibrium) and relaxed bond lengths between atoms i and j are denoted respectively by r (0) ij and r ij ; θ
ijk and θ ijk respectively denote the unstrained and relaxed angles between the adjacent nearest neighbour bonds formed by atoms i and j, and i and k. The first and second terms in Eq. (1) respectively describe contributions to the lattice free energy associated with pure bond stretching (changes in r ij ) and pure bond-angle bending (changes in θ ijk ), while the third and fourth terms are "cross terms" which respectively describe the impact of changes in r ik on r ij , and the impact of changes in θ ijk on both r ij and r ik . By re-casting the lattice free energy expressed in Eq. (1) in terms of macroscopic and internal strains, and inverting the associated derived expressions for the elastic constants C 11 , C 12 and C 44 , and Kleinman (internal strain) parameter ζ, we have derived analytical expressions describing the force constants k r , k θ , k rr and k rθ explicitly in terms of C 11 , C 12 , C 44 , ζ and the equilibrium bond length r (0) . The derivation of these analytical relationships is outlined in Refs. 46 and 47. These analytical relationships circumvent the conventional requirement to perform numerical fitting to determine the force constants, and provide an exact description of the static lattice properties of the constituent materials Ge, α-Sn and zb-GeSn in the linear elastic limit. The parameters used in our VFF structural relaxations are provided in Table II . Full details of the parametrisation of Eq. (1) based on HSEsol calculations will be provided in Ref. 48 . To perform structural relaxations for Ge 1−x Sn x alloy supercells this VFF potential was implemented using the General Utility Lattice Program (GULP) [49] [50] [51] where, as in the DFT calculations described above, the structural relaxation proceeds by minimising the lattice free energy.
Our semi-empirical electronic structure calculations for Ge 1−x Sn x alloys are based on a nearest-neighbour sp 3 s * TB Hamiltonian, including spin-orbit coupling. The unstrained band structures of Ge, α-Sn and zb-GeSn are parametrised based on those calculated using the HSEsol formalism described in Sec. II A. As with the HSEsol and mBJ DFT calculations, our priority in generating a TB fit to the Ge band structure is to provide an accurate description of the lowest energy CB, in terms of the energies of the CB edge states at the L, Γ and X points in the Brillouin zone. We begin by following the fitting procedure outlined in Ref. 52 , which relates the TB parameters to the energies at the Γ and X points, and then adjust the resulting parameters to achieve an exact fit to the energies of the L 6c , Γ 7c and X 5c CB edge states. For the α-Sn band structure we apply the fitting procedure of Ref. 52 without modification, which we find provides a good overall fit to the HSEsol-calculated band structure. Key to describing the impact of Sn incorporation on the electronic structure of Ge 1−x Sn x alloys is the TB fit to the band structure of a zb-GeSn primitive unit cell. Such a fitting allows for an accurate description of the interaction between orbitals situated on neighbouring Ge and Sn atoms in alloy supercell calculations. To generate a suitable set of TB parameters for zb-GeSn we again begin with the procedure outlined in Ref. 52 . Following this procedure provides a good overall fit to the HSEsol-calculated zb-GeSn band structure, but we find that -compared to HSEsol and mBJ calculations -these parameters tend to underestimate the impact of Sn incorporation in Ge 1−x Sn x alloy supercell calculations. To rectify this we adjust the differences in the free atomic orbital energies used to determine the Ge and Sn atomic orbital energies in the zb-GeSn TB Hamiltonian. 52 In doing so, a more accurate description of the impact of Sn incorporation is obtained, while simultaneously maintaining a good overall fit to the HSEsol-calculated zb-GeSn band structure. The adjusted TB fit for zb-GeSn described above leads to significant overestimation of the effective masses in the lowest CB but, as we will describe in Sec. III B below, allows for an accurate description of the electronic structure of Ge 1−x Sn x alloy supercells. The dashed green lines in Figs. 1(a), 1(b) and 1(c) respec- , and force constants kr, k θ , krr and k rθ , used to implement structural relaxations using the VFF potential of Eq. (1) for Ge1−xSnx alloy supercells. Force constants have been computed analytically based on HSEsol-calculated structural properties for Ge, α-Sn and zb-GeSn.
47,48
Parameter Unit Ge α-Sn zb-GeSn r 
Band structure of (a) Ge, (b) α-Sn, and (c) zb-GeSn calculated via DFT, using the HSEsol (solid black lines) and mBJ (dotted red lines) XC functionals, and via a semi-empirical sp 3 s * TB Hamiltonian (dashed green lines). All calculations include spin-orbit coupling. For comparative purposes, the zero of energy has been chosen to lie at the VB edge in all cases.
tively show the band structure of Ge, α-Sn and zb-GeSn calculated using the sp 3 s * TB Hamiltonian. The TB fits for Ge and α-Sn compare well overall to the HSEsolcalculated band structures, with the quality of the fit reducing for energies 1 eV above the CB edge (behaviour typical of an sp 3 s * model 52 ). The impact of strain is incorporated in the TB Hamiltonian by describing the dependence of the interatomic interaction matrix elements on changes in nearestneighbour bond lengths and angles using, respectively, the generalised form of Harrison's rule and the SlaterKoster two-centre integrals. 53 We include two additional strain-related terms in the TB Hamiltonian to correct the deformation potentials associated with applied tetragonal (biaxial) deformations, which we have re-cast in terms of the local strain at each lattice site to facilitate their incorporation in supercell calculations. Firstly, we include an on-site correction of the p orbital energies using an axial deformation potential b p , which provides an accurate description of Γ-point VB edge axial deformation potential b. 54 Secondly, we include a correction to the V s * pσ inter-atomic interaction matrix elements, which accounts for the influence of d orbital interactions in determining the axial deformation potential Ξ X u associated with the X-point CB edge states.
55
For the Ge 1−x Sn x alloy supercell calculations the atomic orbital energies and inter-atomic interaction matrix elements are computed depending explicitly on the local neighbour environment. The orbital energies at a given lattice site i are determined by averaging over the orbital energies of the materials -Ge, α-Sn or zb-GeSn -formed by atom i and each of its four nearest neighbours j (including the corresponding VB offsets). We assume a natural VB offset of 1.02 eV between Ge and α-Sn, following the first principles calculations of Li et al. 56 Based on a linear interpolation of this VB offset with respect to the HSEsol-calculated lattice constants, we estimate a VB offset of 0.51 eV between Ge and zbGeSn. The inter-atomic interaction matrix elements between nearest-neighbour atoms are constructed as outlined above, using the relaxed nearest-neighbour bond lengths and angles. This explicitly local construction of the supercell Hamiltonian allows for direct and accurate incorporation of alloy disorder effects in electronic structure calculations -via explicitly incorporation of atomic size and chemical differences, in addition to lattice relaxation -and thus for a quantitative analysis of their impact on the material properties. Full details of the parametrisation of the TB Hamiltonian for Ge 1−x Sn x and related group-IV alloys will be provided in Ref. 57 .
C. Choice of alloy supercells
Emerging theoretical 19 and experimental 21, 22 evidence suggests the possibility of strong Sn-induced hybridisation of the Ge Γ 7c and L 6c CB edge states in Ge 1−x Sn x . In a real alloy, all states that can (by symmetry) mix will mix: this physical effect will manifest in electronic calculations regardless of the choice of supercell. For example, Eckhardt et al. 19 noted the presence of strong Sn-induced Γ 7c -L 6c mixing, but subsequently chose to analyse supercells in which the L points do not fold to the supercell zone centre (K = 0), to block this mixing and simplify their interpretation of the indirect-to direct-gap transition. However, unfolded band structures presented by Polak et al. 20 for the same supercells revealed clear signatures of Sn-induced band mixing, occurring instead with states along the Λ direction which did fold to K = 0. That is, the choice to specifically neglect Γ 7c -L 6c mixing does not remove Sn-induced mixing of Ge states lying close in energy to the CB edge.
In the case of Ge 1−x Sn x , we note that (i) the alloy CB edge originates from the Ge L 6c states, and (ii) we are interested in the acquisition of direct Ge Γ 7c character by the alloy CB edge. These observations suggest that there does not exist sufficient physical justification to explicitly neglect Γ 7c -L 6c mixing -which can be expected to be pronounced based on the small separation in energy of these states -in the analysis of the Ge 1−x Sn x electronic structure. We therefore choose supercells in which the L points in the primitive unit cell Brillouin zone of the underlying diamond lattice fold to the supercell zone centre K = 0. This is the case in n × n × n face-centred cubic (FCC) and simple cubic (SC) supercells for even values of n. As such, we employ 2 × 2 × 2 FCC (16-atom) and SC (64-atom) supercells in our alloy electronic structure calculations.
III. RESULTS
Having outlined the theoretical models we have established to calculate the structural and electronic properties of Ge 1−x Sn x alloys, we now turn our attention to the application of these models in alloy supercell calculations. We compare and contrast the results of calculations carried out using all three models, reaffirming key features of the alloy properties and establishing the accuracy of the models. We begin in Sec. III A by considering structural relaxation, before considering key features of the alloy supercell band structure in Sec. III B.
A. Structural relaxation
Alloy lattice constant
Beginning with the lattice constants calculated using the HSEsol and LDA XC potentials for Ge, α-Sn and zbGeSn (cf. Table I), we note that these are in accordance with recent first principles calculations 19 which suggested the presence of a small negative bowing parameter for the Ge 1−x Sn x alloy lattice constant. The presence of a negative bowing parameter implies that the alloy lattice constant at a given Sn composition x is larger than that obtained by interpolating linearly between the lattice constants of Ge and α-Sn. Indeed, the HSEsol-calculated zb-GeSn lattice constant a = 6.079Å is close to, but in excess of, the average value 6.071Å of those calculated for Ge and α-Sn.
We do not pursude a detailed discussion of the evolution of the Ge 1−x Sn x structural properties with x here, but instead focus on comparison of the lattice constants and atomic positions obtained via HSEsol, LDA and VFF relaxations of specific Ge 1−x Sn x alloy supercells. Specifically, we consider three distinct 2 × 2 × 2 SC and FCC supercells: (i) an ordered 64-atom Ge 63 Sn 1 SC supercell having x = 1.56%, (ii) an ordered 16-atom Ge 15 Sn 1 FCC supercell having x = 6.25%, and (iii) a disordered 64-atom Ge 60 Sn 4 SC supercell having x = 6.25%. The four Sn atoms in the Ge 60 Sn 4 were substituted at randomly selected sites on the lattice of the Ge 64 host matrix supercell. We note that this disordered supercell contains a Sn-Sn "pair" -i.e. two Sn atoms which are nearest neighbours. The ordered Ge 15 Sn 1 and disordered Ge 60 Sn 4 supercells have the same Sn composition, thereby allowing the importance of alloy disorder effects in determining the material properties to be inferred via comparison of the results of calculations carried out for each.
Internal relaxation: ordered supercells
The results of the HSEsol, LDA and VFF alloy supercell relaxations are summarised in Table III, 
-Sn . We instead assign r Ge-Sn as the average of all of the relaxed Ge-Sn bond lengths in the supercell, and quantify deviations from this average using the standard deviation σ(r Ge-Sn ) of the relaxed GeSn bond lengths (listed in parentheses in Table III) . A more general comparison of the HSEsol, LDA and VFF relaxations for this disordered supercell is provided in Fig. 2 below. Beginning with the ordered Ge 63 Sn 1 and Ge 15 Sn 1 supercells, the HSEsol relaxation results in respective increases of 0.015 and 0.056Å in the lattice constant compared to that of unstrained Ge (cf. Table III) . In both cases these relaxed lattice constants a slightly exceed those calculated based on a linear interpolation of the HSEsol-calculated Ge and α-Sn lattice constants, again suggesting the presence of a small, negative bowing parameter for a. 19 Relaxing these supercells in the LDA yields respective increases of 0.017 and 0.056Å in a for the Ge 63 Sn 1 and Ge 15 Sn 1 supercells. While the calculated increase in a for the Ge 15 Sn 1 supercell precisely matches that obtained from the HSEsol calculation, the LDA relaxation overestimates the increase in a due to Sn incorporation in the larger Ge 63 Sn 1 supercell. This behaviour is somewhat surprising: the LDA-calculated zb-GeSn lattice constant is smaller than that obtained from HSEsol calculations, upon which basis it could be expected that nearest-neighbour Ge-Sn bonds relax to shorter lengths in LDA calculations. In spite of this, the LDA-relaxed lattice constants show very close agreement with the HSEsol values: the differences between the LDA and HSEsol relaxed lattice constants are, respectively, only 0.05 and 0.02% for the Ge 63 Sn 1 and Ge 15 Sn 1 supercells.
Relaxing the same supercells using the VFF potential of Eq. (1) -which, we recall, is parametrised based on HSEsol-calculated lattice and elastic constants -the 
xSnx alloy supercells relaxed via DFT using HSEsol and LDA XC functionals, and via the semi-empirical VFF potential of Eq. (1) (parametrised using HSEsol-calculated lattice and elastic constants for Ge, α-Sn and zb-GeSn). The equilibrium lattice constant of Ge -calculated using the HSEsol and LDA approaches, and taken as input to the VFF potential -are provided for reference. For the disordered Ge60Sn4 supercell r Ge-Sn refers to the average length of all relaxed Ge-Sn bonds; values listed in parentheses are the standard deviations associated with these averaged values. supercells we respectively calculate r Ge-Ge = 2.448 and 2.457Å. The LDA relaxations of these ordered supercells produce respective relaxed Ge-Sn bond lengths which are increased by 0.133 and 0.109Å compared to the corresponding LDAcalculated equilibrium Ge bond length. The corresponding increases in the VFF relaxations of these supercells are 0.113 and 0.099Å. Using the HSEsol-calculated values as a reference, the computed differences in the LDArelaxed values r Ge-Sn for the Ge 63 Sn 1 and Ge 15 Sn 1 supercells are, respectively, 0.15 and 0.01%. The corresponding differences between the HSEsol and VFF relaxed GeSn nearest-neighbour bond lengths for these supercells are 0.6 and 0.4%.
Internal relaxation: disordered supercell
Turning to the disordered Ge 60 Sn 4 supercell, we note that the relaxed lattice constants obtained from the HSEsol and LDA relaxations are slightly lower than those computed for the ordered Ge 15 Sn 1 supercell having the same Sn composition. This slightly reduction in relaxed lattice constant in the presence of alloy disorder is likely related to the volume effect described above, whereby the larger surrounding Ge matrix in a 64-atom supercell provides more surrounding volume for expansion to accommodate the local strain introduced by Sn incorporation. The average relaxed Ge-Sn nearest-neighbour bond length r Ge-Sn = 2.583 ± 0.010Å for this disordered supercell is significantly larger than that calculated for either of the ordered supercells. This is in part a result of the presence of a Sn-Sn nearest-neighbour pair in the supercell, the large local expansion of the lattice associated with which leads to larger relaxed Ge-Sn bond lengths about these two Sn atoms. Examining Table III , we note that this general trend is also observed in the LDA and VFF relaxations. However, the averaged nearestneighbour bond lengths presented in Table III are insufficient in general to quantify the lattice relaxation in a disordered supercell. Thus, we present in Fig. 2 Figs. 2(a) and (d), we note the distribution of bond lengths brought about the the presence of alloy disorder. The three distinct peaks in the distribution of relaxed bond lengths in Fig. 2(a) describe, in order of increasing bond length, relaxed Ge-Ge, Ge-Sn and Sn-Sn bonds. The width of the distribution of Ge-Ge bonds is strongly enhanced compared to that in the ordered Ge 63 Sn 1 supercell: the computed standard deviation of the relaxed Ge-Ge bond lengths in the Ge 60 Sn 4 supercell is 0.014Å, compared to 0.006Å in the Ge 63 Sn 1 supercell. As described above, the reduction in symmetry associated with the presence of alloy disorder also generates a distribution of relaxed Ge-Sn bond lengths, the standard deviation of which we compute to be 0.01Å. The single Sn-Sn bond in the supercell has a relaxed bond length r Sn-Sn = 2.704Å, an increase of 0.259Å compared to r (0)
Examining firstly the HSEsol results in
Ge . However, this relaxed Sn-Sn bond length is significantly lower than the equilibrium α-Sn bond length r (0) Sn = 2.813Å. We attribute this compression of the Sn-Sn bond to the lower bulk modulus of α-Sn compared to that of either Ge or zb-GeSn -i.e. the relatively soft Sn-Sn bond is compressed by the comparatively harder surrounding Ge-Ge and Ge-Sn bonds. • is equal for all tetrahedrallybonded constituent materials -and hence the constituent materials Ge, α-Sn and zb-GeSn -the bond angle distribution provides, in general, less insight into the details of the lattice relaxation. We find the the relaxed bond angle distribution to be centred at θ (0) , with the lattice relaxation tending to produces a normal-like distribution of bond angles about this value. We note however the presence of a single outlying bond angle on the low side of the peak. This smallest angle describes a single Sn-Ge-Sn nearest-neighbour configuration, which has been highly distorted by the asymmetric relaxation of its local atomic environment.
Considering the corresponding LDA-calculated bond length distribution of Fig. 2(b) , we note excellent qualitative and quantitative agreement with the corresponding HSEsol distribution. Relative to the HSEsol-relaxed supercell we calculate a maximum difference of 0.14% in the LDA-relaxed length of an individual nearest-neighbour bond, and an average error of only 0.04% across all nearest-neighbour bonds in the supercell. However, evident in Fig. 2(b) is a slight decrease in the width of the peak in the distribution of relaxed Ge-Sn bond lengths. We interpret this result as further confirmation that the LDA disproportionately overbinds Ge-Sn bonds compared to Ge-Ge or Sn-Sn bonds, as reflected in the differences between the HSEsol-and LDA-calculated lattice constants. Qualitatively, the VFF-calculated bond length distribution of Fig. 2(c) is in excellent agreement with the HSEsol distribution of Fig. 2(a) : the VFF relaxation reproduces faithfully the width and relative num-ber of relaxed Ge-Sn bonds having slightly different bond lengths. The maximum individual and overall average differences in relaxed bond length between the HSEsol and VFF relaxations are, respectively, 0.9 and 0.7%. Finally, we note that the LDA-and VFF-calculated bond angle distributions of Figs. 2(e) and (f) display no significant qualitative or quantitative deviations from the corresponding HSEsol-calculated distribution of Fig. 2(d) .
On the basis of these detailed comparisons, we conclude overall that both the LDA and VFF relaxations of a given Ge 1−x Sn x alloy supercell are in excellent quantitative agreement with the results of the significantly more computationally expensive HSEsol relaxation. This indicates that either LDA-DFT or the semi-empirical VFF potential of Eq. (1) can be used to reliably perform structural relaxations, offering high accuracy in conjunction with significantly reduced computational cost compared to HSEsol-DFT.
B. Supercell band structure
Band gap and spin-orbit splitting energy
Turning our attention to the electronic structure, we begin by considering the band structures calculated for the ordered Ge 63 Sn 1 (x = 1.56%) and Ge 15 Sn 1 (x = 6.25%) alloy supercells. The results of these calculations are shown in Fig. 3 , where the top (bottom) row shows the band structure calculated for Ge 63 Sn 1 (Ge 15 Sn 1 ) using, from left to right, the HSEsol ((a) and (d)), LDA + mBJ ((b) and (e)), and VFF + TB ((c) and (f)) models. In each band structure plot the left-and right-hand panels respectively show the supercell band dispersion calculated along the (111) and (001) directions in the supercell Brillouin zone. The supercell wave vector K is specified in units of π A , where A = 2a (A = a) is the lattice constant associated with the chosen 2 × 2 × 2 SC (FCC) supercells. Recalling that the 64-and 16-atom supercells respectively possess SC and FCC lattice vectors, we note that the zone boundary along the (001) direction lies at π A in the 64-atom supercells. we recall that the supercells considered here have been chosen such so that L-points from the Brillouin zone of the primitive unit cell are folded to the supercell zone centre at K = 0. As such, the lowest energy CB states in Ge 64 and Ge 16 supercells are the degenerate L 6c CB minima, folded to K = 0 from k = π a (1, 1, 1) and equivalent points in the Brillouin zone of the primitive unit cell.
Examining the results of the HSEsol band structure calculations for Ge 63 Sn 1 and Ge 15 Sn 1 in Figs. 3(a)  and 3(d) , we note firstly that Sn incorporation gives rise to a strong reduction of the supercell band gap E g with increasing x. For Ge 63 Sn 1 and Ge 15 Sn 1 we respectively calculate E g = 0.681 and 0.388 eV, representing respective decreases of 85 and 378 meV compared to the indirect (fundamental) 0.766 eV Γ 8v -Γ 7c band gap of Ge. We note also a moderate increase of the VB spin-orbit splitting energy ∆ SO with increasing x. The respective values ∆ SO = 0.334 and 0.379 eV calculated for the ordered 64-and 16-atom alloy supercells are 12 and 57 meV larger than that calculated for Ge.
The values of E g and ∆ SO calculated using the HSEsol, LDA + mBJ and VFF + TB models are summarised in Table IV . Considering the mBJ-calculated values, we note slight underestimation of both the decrease in E g and increase in ∆ SO compared to HSEsol calculations. The mBJ-calculated Ge 63 Sn 1 and Ge 15 Sn 1 band gaps of 0.660 and 0.356 meV represent respective decreases of 64 and 368 meV compared to the indirect (fundamental) Ge band gap of 0.724 eV. The corresponding VB spin-orbit splitting energies ∆ SO = 0.282 and 0.316 eV represent respective increases of 8 and 42 meV compared to the Ge spin-orbit splitting energy ∆ SO = 0.274 eV. For the Ge 63 Sn 1 supercell the VFF + TB model predicts a 92 meV decrease in E g , which is slightly larger than the HSEsol-and mBJ-calculated 85 and 64 meV decrease. For the Ge 15 Sn 1 supercell the TB-calculated band gap E g = 0.392 eV is in excellent agreement with the HSEsolcalculated value E g = 0.388 eV.
Considering the values of E g calculated using the three models for the disordered Ge 60 Sn 4 supercell we note that, in all cases, E g is significantly larger than in the ordered Ge 15 Sn 1 supercell having the same Sn composition (x = 6.25%). This strong dependence of the calculated band gap on the alloy microstructure provides initial evidence that alloy disorder and related band mixing effects play an important role in determining the details of the alloy electronic structure. The corresponding differences between the values of ∆ SO calculated for the disordered Ge 60 Sn 4 and ordered Ge 15 Sn 1 supercells are significantly smaller, and further suggest that alloy disorder effects can be expected to primarily impact the CB structure in Ge 1−x Sn x alloys. Overall, we note that the trends in E g and ∆ SO vs. x calculated using all three models are in good quantitative agreement with previously published values.
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Impact of Sn incorporation on conduction band structure
In addition to the respective strong decrease and moderate increase of E g and ∆ SO with increasing x, we note key qualitative changes in the nature of the alloy CB edge states compared to those in pure Ge. The lowest energy supercell CB states at the zone centre in the equivalent SC Ge 64 and FCC Ge 16 supercells are the eightfold degenerate L 6c CB minima: the result of Kramers-degenerate bands folding back to K = 0 from the four equivalent L points in the Brillouin zone of the primitive unit cell. The degeneracy of these folded L 6c states is lifted in the ordered alloy supercell calculations of Fig. 3 . Examining the HSEsol-calculated CB eigenstates of the Ge 63 Sn 1 supercell we find that the lowest energy CB eigenstates at K = 0 are sixfold (threefold and Kramers) degenerate, and possess purely T 2 symme- try (p-like orbital character) at the Sn lattice site. The second lowest energy CB eigenstate lies 22 meV above the CB edge in energy, is twofold (Kramers) degenerate, and possesses A 1 symmetry (s-like orbital character) at the Sn lattice site. The next highest energy CB state in the HSEsol calculation is again twofold degenerate, lies 178 meV above the CB edge, and possesses possesses A 1 symmetry (s-like orbital character) at the Sn lattice site. The corresponding energy differences in the mBJ and TB calculations -between the CB edge and the secondand third-lowest energy sets of K = 0 alloy CB statesare, respectively, 23 and 174 meV, and 54 and 120 meV.
The discrepancies in the TB-calculated energies of the higher lying CB states is a consequence of the chosen TB fit to the HSEsol-calculated zb-GeSn band structure (cf. Sec. II B), during which the primary aim was to describe the alloy band gap and hybridised character of the alloy CB edge eigenstates.
This splitting of the folded L 6c states of Ge into distinct sets of states which are T 2 -and A 1 -symmetric (pand s-like) at the Sn lattice site indicates Sn-induced mixing of the supercell zone-centre eigenstates of the Ge 64 host matrix semiconductor, driven by (i) A 1 symmetric lattice relaxation about the Sn lattice site, and (ii) interactions between the (4s) 2 valence orbitals of Ge and the (5s) 2 valence orbitals of α-Sn. We note similar features in the HSEsol-calculated band structure of the Ge 15 Sn 1 supercell (cf. Fig. 3 ). In this case the CB edge eigenstate is twofold (Kramers) degenerate and possesses purely A 1 symmetry (s-like orbital character) at the Sn lattice site, while the second lowest energy CB eigenstates lie 127 meV above the CB edge, are sixfold (threefold and Kramers) degenerate and possess purely T 2 symmetry (p-like orbital character) at the Sn lattice site. The corresponding energy differences in the mBJ and TB calculations are, respectively, 100 and 104 meV. We note that the T 2 -symmetric (p-like) triplet in the HSEsol and mBJ calculations splits into a singlet and higher lying doublet -separated by 21 meV -in the TB calculation. This is a result of the large spin-orbit coupling associated with the substitutional Sn atom, combined with the manner in which the atomic spin-orbit coupling is parametrised in the TB method. 58 This ordering of the lowest and second-lowest energy CB states is reversed compared to that in the Ge 63 Sn 1 supercell. Further analysis of the CB edge eigenstates, presented below, shows that the direct nature of the Ge 1−x Sn x alloy CB edge states evolves continously with increasing x, and that this evolution is driven by the aforementioned Sn-induced mixing. This band mixing, which acts to hybridise the L 6c and Γ 7c CB edge states of Ge, leads to the emergence of a strongly hybridised alloy CB edge in Ge 1−x Sn x .
19 By comparison, the impact of Sn incorporation on the VB is minimal: the alloy VB edge states in all supercells retain primarily Ge Γ 8v character.
While the TB model describes well the impact of Sn incorporation on the CB and VB edge states at K = 0 compared to the DFT calculations we note, in both the 64-and 16-atom calculations of Figs. 3(c) and 3(f), (i) overestimation of electron effective masses, and (ii) the presence in the CB dispersion of additional folded bands within the range of energies displayed in Fig. 3 . These features represent a typical TB fit to the band structure. Firstly, fitting the TB parameters to the energies of the lowest CB at the L, Γ and X points is known to lead to overestimation of CB edge effective masses in a nearestneighbour sp 3 s * model. 59 Secondly, the TB structure described by the sp 3 s * model is dispersionless between the X and W points in the Brillouin zone:
52,60 energies of W-point CB states generally lie at higher energies than those at X in first principles calculations, leading to more bands folding back to the supercell zone centre at lower energies in the TB calculations. We emphasise however that these well-known features of the sp 3 s * TB model do not impede the description of the character, hybridisation and localisation of zone-centre alloy band edge states. The TB method allows for accurate descriptions of the impact of localised impurities, as we have demonstrated previously for highly-mismatched III-V-N 61,62 and III-VBi 63,64 alloys, as well as III-N semiconductor alloys.
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We emphasise that both the mBJ and TB calculations qualitatively and quantitatively describe the behaviour revealed by the HSEsol calculations, providing a key confirmation of their suitability to perform accurate analysis of the Ge 1−x Sn x electronic structure. ) and (e)) XC functionals, and via a semi-empirical sp 3 s * TB Hamiltonian ((c) and (f)). The atomic positions used in the HSEsol, mBJ and sp 3 s * TB band structure calculations were respectively obtained from HSEsol, LDA and VFF supercell relaxations. For comparative purposes, the zero of energy has been chosen to lie at the VB edge in all cases.
Sn-induced band mixing: band gap pressure coefficient
To quantify the Sn-induced band mixing and its impact on the nature of the alloy CB edge states, we have used all three models to calculate the pressure coefficient dEg dP of the fundamental band gap. To do so we proceed by applying hydrostatic pressure to the supercell and relaxing the internal degrees of freedom before computing the electronic structure. The results of these calculations are summarised in Table V for Ge. The TB parameters are fitted exactly to the HSEsol band edge hydrostatic deformation potentials. We note the small (< 1.5%) errors in the TB-calculated pressure coefficients reflects the use of a harmonic VFF potential to relax the internal degrees of freedom under applied pressure. While the VFF potential of Eq. (1) describes exactly the bulk moduli B of Ge, α-Sn and zb-GeSn, it does not describe the pressure dependence of B -which are captured implicitly in the DFT calculations -leading to minor errors at experimentally relevant pressures.
Given the large differences in the pressure coefficients associated with the direct and indirect (Γ 8v -L 6c and Γ 8v - 
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These calculated and measured values of dEg dP suggest that the hybridised nature of the alloy CB edge states in Ge 1−x Sn x depends strongly on Sn composition x, and suggests that the CB edge states in the ordered Ge 15 Sn 1 supercell are primarily Ge Γ 7c -derived, with the alloy having primarily (but not purely) direct-gap character.
For the disordered Ge 60 Sn 4 supercell we calculate dEg dP = 8.32 meV kbar −1 . This value is reduced compared to that calculated for the ordered Ge 15 Sn 1 supercell having the same Sn composition, further emphasising that alloy disorder has a strong impact on the nature of the hybridised Ge 1−x Sn x CB edge states. This calculated variation of dEg dP at fixed x highlights that important quantitative differences can result in the character of the Ge 1−x Sn x CB edge states, resulting from an interplay of band mixing and alloy disorder effects. Examining the data of Table V we note that the LDA + mBJ and VFF + TB models correctly capture the increase in dEg dP vs. x obtained from HSEsol calculations, suggesting that both models accurately capture the nature of the hybridised CB edge states and their evolution with increasing x.
Based on this analysis we reach three conclusions. Firstly, the calculated (and measured) values of dEg dP being intermediate between those of the direct and Γ 8v -L 6c band gaps of Ge indicates that the Ge 1−x Sn x alloy CB edge states consist of a strong admixture of Ge Γ 7c and L 6c states. Secondly, this band mixing is driven by the differences in covalent radius and chemical properties between Ge and Sn. Thirdly, this band mixing evolves continuously with increasing x, transferring Ge Γ 7c character to the alloy band edge. This final conclusion is in accordance with the measurements of Refs. 21 Contrary to the prevailing assumption in the literature, this suggests that the indirect-to direct-gap transition in Ge 1−x Sn x proceeds continuously rather than occurring abruptly at some critical Sn composition. Combined, these results suggest significant implications for the interpretation of the Ge 1−x Sn x band structure. The strongly hybridised nature of the Ge 1−x Sn x CB edge states can be expected to have significant consequences for technologically relevant material properties. The LDA + mBJ and VFF + TB models established and benchmarked here provide quantitatively accurate descriptions of band mixing effects in alloy supercell calculations.
IV. CONCLUSIONS
In summary, we have established three atomistic models of the structural and electronic properties of Ge 1−x Sn x alloys. The first model uses HSEsol DFT to perform structural relaxation and to calculate the electronic structure. This provides a highly accurate description of (i) the constituent materials Ge, α-Sn and zb-GeSn, and (ii) the hybridised nature of the Ge 1−x Sn x alloy CB edge states. The second model uses LDA structural relaxation combined with mBJ electronic structure calculations. The third, semi-empirical model uses VFF structural relaxation combined with sp 3 s * TB electronic structure calculations. Since the HSEsol DFT calculations are in good quantitative agreement with experimental measurements, the results of these calculations were taken as benchmark for the other two models.
The trends in the Ge 1−x Sn x alloy lattice constant, relaxed atomic positions, band gap and VB spin-orbit splitting energy calculated using the LDA + mBJ and VFF + TB models were found to be in excellent quantitative agreement with the results of full HSEsol calculations. Alloy supercell band structure calculations carried out using all three models highlight the potential importance of Sn-induced band mixing and alloy disorder in determining the hybridised nature of the Ge 1−x Sn x CB structure. As it offers an measureable means by which to quantify this hybridisation, the band gap pressure coefficient was also calculated using the three approaches. Again, the LDA + mBJ and VFF + TB calculations were found to capture both qualitatively and quantitatively the trends observed in full HSEsol calculations. Our calculations support the recent suggestion that the evolution of a direct band gap in Ge 1−x Sn x is driven by Sn-induced band mixing and occurs continously with increasing x, rather than occuring abruptly at a single critical Sn composition. Further work is required to clarify the nature and evolution of the Ge 1−x Sn x electronic structure, and to identify associated consequences for material properties relevant to device applications. The models established here provide a suitable platform to perform such investigations.
Based on our benchmark calculations we reach three conclusions. Firstly, the LDA + mBJ model offers an accurate description of Ge 1−x Sn x alloys at reduced computational expense compared to HSEsol calculations, providing access to larger systems within a first principles framework. Secondly, the VFF + TB model provides a sufficiently accurate description of the alloy band structure close in energy to the CB and VB edges to justify its use to underpin future analyses, where it will provide access to systems several orders of magnitude larger than those that can currently be treated via DFT. Thirdly, the VFF potential of Eq. (1) -parametrised analytically on the basis of HSEsol calculations -provides a highly efficient means by which to perform structural relaxations for Ge 1−x Sn x alloy supercells, and is of sufficient accuracy that it can be reliably used to circumvent the requirement to perform computationally expensive DFT structural relaxation.
Overall, we conclude that electronic structure calculations for Ge 1−x Sn x alloys must explicitly include atomistic alloying effects -which are omitted in widelyused VCA-based models -to accurately account for the impact of Sn incorporation on key material parameters (e.g. optical transition strengths, carrier mobilities and band-to-band tunneling rates). Given the expected importance of these effects in determining technologically relevant material properties, the establishment and benchmarking of appropriate atomistic theoretical models represents an important step to enable predictive theoretical analysis of proposed Ge 1−x Sn x -based photonic, electronic and photovoltaic devices. The theoretical models we have presented allow for the treatmentwith miniminal loss of accuracy -of larger systems than those accessible to DFT employing hybrid XC functionals, thereby providing a basis for direct atomistic calculations of the electronic, optical and transport properties of disordered Ge 1−x Sn x alloys and realistically-sized nanostructures.
